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p. 6, Problem 6, (B3′) square integrable. have variance 1.

p. 12, l. 11 above N(0, t− s) N(0, (t− s)Id)
p. 14, l. 4, l. 6 above BMd BM1

p. 15, (2.16), l. 12 above σ
(⋃

n≥1

⋃
0≤t1<...<tn<∞ σ

(
X(tj), . . . , X(tn)

))
σ
(⋃

n≥1

⋃
0≤t1<...<tn<∞ σ

(
X(t1), . . . , X(tn)

))
p. 15, l. 15 above (X(s1), . . . , X(sn))⊥⊥(Y (t1), . . . , Y (tm)) (X(s1), . . . , X(sm))⊥⊥(Y (t1), . . . , Y (tn))

p. 18, l. 7 above e−
1
2 |Σ

>ξ|2 = e−
1
2 〈ξ,ΣΣ>ξ〉 e−

1
2 t |Σ

>ξ|2 = e−
1
2 t 〈ξ,ΣΣ>ξ〉

p. 33, (3.6), l. 10 below W (t, ω) :=
∑∞
n=1

sin(nπt)
n Gn(ω) W (t, ω) := tG0(ω) +

√
2
∑∞
n=1

sin(nπt)
nπ Gn(ω)

p. 33, l. 4 below WN (t, ω) :=
∑N
n=1

sin(nπt)
n Gn(ω) WN (t, ω) := tG0(ω) +

√
2
∑N
n=1

sin(nπt)
nπ Gn(ω)

p. 39, Problem 5, l. 3
above

In this case, the reverse implications hold, too. Do the reverse implications hold, too?

p. 39, Problem 6, l. 5
above

(Bq)q∈Q (Bq)q∈Q∩[0,∞)

p. 41, l. 11 below (v, w) 7→ v 7→
p. 42, l. 2 above ω 7→ ρ(B(·, ω), w) ω 7→ ρ(B(·, ω), v)

p. 49, l. 7 below e
1
2 |ξ|

2

e
t
2 |ξ|

2

p. 49, l. 4 below Mζ(t) := e〈ζ,B(t)〉− t2 |ζ|
2

Mζ(t) := exp
(∑d

j=1(ζjB
j(t)− t

2 ζ
2
j )
)

p. 53, l. 2 below {τU < t} ∈ FX
t and {τU ≤ t} ∈ FX

t+ {τU < t} ∈ FX
t and {τU ≤ t} ∈ FX

t+

for all t ≥ 0,

p. 54, l. 5 above
⋃
Q+3r≤t

⋃
Q+3r<t

p. 54, l. 9 above r ∈ (0, t] ∩Q r ∈ (0, t) ∩Q
p. 54, l. 10 above τU (ω) < r ≤ t τU (ω) ≤ r < t

p. 60, Problem 9 a2/2 + b > 0 a2/2 + b = 0

p. 60, Problem 11 (c) τ◦A∩C = max{τ◦A, τ◦C},
τA∩C = max{τA, τC}

τ◦A∩C ≥ max{τ◦A, τ◦C},
τA∩C ≥ max{τA, τC}

p. 66, l. 10 above (B1)/(5.1) (B1)/5.1b)

p. 68, l. 4 below and so and so, for all b > 0,

p. 72, l. 8 below ω 7→ B(· ∧ τ(ω), ω)−B(τ(ω), ω) ω 7→ B(·+ τ(ω), ω)−B(τ(ω), ω)

p. 72, l. 6 below B(· ∧ τ)−B(τ) ∼ −B(· ∧ τ)−B(τ) B(·+ τ)−B(τ) ∼ −B(·+ τ) +B(τ)

p. 74, l. 8 above 1B(0,r) ≤ χr,R ≤ 1B(0,R) χr,R|B(0,R)\B(0,r) ≡ 1 and χr,R|B(0,r/2) ≡ 0

p. 75, l. 10 above (6.14) (6.17)

p. 82, l. 10 below FB
0 = {∅,Ω} FB

0 ⊂ σ(N )

p. 83, l. 4 below Let (Bt)t a BM1 Let (Bt)t a BMd

p. 85, Problem 3, l. 5
above

a σ-algebra a Dynkin system

p. 85, Problem 4 u(x) = un(x) ↑ x u(x) = un(x)→ x

p. 88, l. 14 above limx→y u(Bt + x) = u(Bt + y) and
lim|x|→∞ u(Bt + x) = 0.

limx→y Eu(Bt + x) = Eu(Bt + y) and
lim|x|→∞Eu(Bt + x) = 0.

p. 88, l. 7 above Px(Xt ∈ Rd) Px(Bt ∈ Rd)
p. 89, l. 3 above |y| ≥ 2 |y| ≥ 2R

continues on next page
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p. 90, l. 5 below
⋂m
j=0 . . .; s0 = 0 < s1 < . . .

⋂m
j=1 . . .; 0 ≤ s1 < . . .

p. 93, l. 3 above ∂u(x) ∂j∂ku(x+ θBt) ∂ju(x) ∂j∂ku(x+ θBt)

p. 95, l. 2 above Bb(R
n) Bb(R

d)

p. 95, l. 7 below This proves (7.11c) and (7.11b) follows now from
part a).

This proves (7.11c) and (7.11b).

p. 96, l. 11 above Pt−s−h (three times) Pt−s+h (three times)

p. 97, l. 5 above αUα is conservative: αUα is conservative whenever Pt is conservative:

p. 98, l. 10/11 above Because of f) ... ...(β − α)UβUαu Let α, β > 0 and u ∈ Bb. Using the definition of
Uα and Fubini’s theorem we see that
UαUβu(x)
=
∫∞

0

∫∞
0
e−αte−βsPtPsu(x) ds dt

=
∫∞

0

∫∞
0
e−βse−αtPsPtu(x) dt ds

= UβUαu(x).
Thus, by part f),
Uαu− Uβu
= (β id−A)UβUαu− (α id−A)UαUβu
= (β − α)UβUαu.

p. 98, l. 3 below (id−αUα)u(x) (id−αUα)Uαu(x)

p. 98, l. 2 below n! (id−αUα)u(x) n! (id−αUα)Unαu(x)

p. 99, (7.15) l. 8 above e−
√

2αy e−
√

2α |y|

p. 99, l. 9 above α
2y2

α
2|y|2

p. 99, l. 9 above
√

2αy
√

2α |y|
p. 100, l. 7 above if d ≥ 1 if d ≥ 2

p. 100, l. 10 above (A,D(A)) extends (A,D(A)), D(A) ⊂ C∞(Rd), extends

p. 100, l. 12 below u ∈ D(A) u ∈ D(A)

p. 102, l. 1 above Proposition 7.13 h) Proposition 7.13 i)

p. 105, l. 10 below Px(τx > t) Px(τx ≥ t)
p. 106, l. 7 below Ex0u(XτV ∧n)− u(x) Ex0u(XτV ∧n)− u(x0)

p. 110, Problem 5 (−n) ∧ u ∨ n (−n) ∨ u ∧ n
p. 111, Problem 9 exp(tA) :=

∑∞
j=0A

j/j! exp(tA) :=
∑∞
j=0(tA)j/j!

p. 111, Problem 11 for Example 7.20 for Example 7.20. Let (un)n≥1 ⊂ C2
∞(R) such

that 1
2u
′′
n is a Cauchy sequence in C∞ and that un

converges uniformly to u.

p. 111, Problem 10 (a) d
dsPt−sTs = Pt−sATs − Pt−sBTs d

dsPt−sTs = −Pt−sATs + Pt−sBTs

p. 111, Problem 11 (b)
∫ x

0
g(z) dz

∫ x
0

2g(z) dz

p. 111, Problem 11 (b) un(x) converges uniformly to
∫ x

0
2g(z) dt+ c′ u′n(x) converges uniformly to

∫ x
0

2g(z) dz + c′

p. 111, Problem 11 (b) c′ =
∫ 0

−∞ g(z) dz c′ =
∫ 0

−∞ 2g(z) dz

p. 112, Problem 13 dn

dαn (αUα)f(x)
= n!(−1)n+1(id−αUα)f(x)

dn

dαn (αUα)f(x)
= n! (−1)n+1(id−αUα)Unαf(x)

p. 113, l. 13 above L =
∑d
j,k=1 ∂j L =

∑d
j,k=1 ∂j∂k

p. 115, l. 8 below Proposition 7.4 g) Proposition 7.3 g)

p. 116, l. 5 above χ χn

p. 116, l. 6 above χn|[1/n,n]×B(0,n) ≡ 1 χn|[1/n,t]×B(0,n) ≡ 1

p. 116, l. 8 below f(x) ≤ |f(x)| ≤
p. 118, l. 2 above (8.7) satisfying (8.7) with g = g(x) satisfying

p. 118, l. 5 above C
1,2
b C1,2

p. 119, l. 9 below Nw
s Nw

p. 121, l. 7, 8 above Ttf (twice) Ttu (twice)

p. 123, l. 3 above e−λt√
πr(t−r)

e−λt√
π(t−r)

p. 126, l. 10 above P0(Bσ ∈ dz) P0(Bτ ∈ dz), where τ = τ
Bc(0,r).

continues on next page
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p. 126, l. 11 above P0(Bσ ∈ dz) P0(Bτ ∈ dz)
p. 126, l. 14 above φ|[δ2,∞) φδ|[δ2,∞)

p. 127, l. 2, 3 above +
∫ t∧σ

0
(twice) −

∫ t∧σ
0

(twice)

p. 127, l. 4 above B(x, δ) B(x0, δ)

p. 127, l. 3 below u|∂Br ≡ u(x0) u|∂B(x0,r) ≡ u(x0)

p. 129, l. 8 above therefore, min0≤j≤n τVj ≤ τB(x0,ε)
, i.e. thus, min0≤j≤n τVj ≤ τB(x0,ε)\{x0}, i.e.

p. 129, l. 9 above τ
B(x0,ε)

> 0 τ
B(x0,ε)\{x0} > 0

p. 130, Figure 8.4 B(1, 0), B(2, cne1) B(0, 1), B(cne1, 2)

p. 131, l. 9 below τ
B(0,1) τ

Bc(0,1)

p. 132, l. 15 above t ∈ [0, ε] t ∈ (0, ε]

p. 132, l. 12 below e1 = (1, 0, . . . , 0) ∈ Rd e2 = (0, 1, 0, . . . , 0) ∈ Rd

p. 132, l. 11 below [0,∞)e1 [0,∞)e2

p. 133, l. 5 below Xτ Bτ

p. 136, Problem 4 Ptg − g = d
dt

∫ t
0
Psg ds Ptg − g = d

dt

∫ t
0
Psg ds− g

p. 136, Problem 7 multiply it with a smooth cut-off function C2
c(R

d),
u|B(0,r) ≡ 1

multiply it with a smooth cut-off function χ ∈
C2
c(R

d), χ|B(0,r) ≡ 1

p. 136, Prob. 9, l. 6 be-
low

Example 8.12 d) Example 8.15 e)

p. 138, l. 8 below mean zero mean tj − tj−1

p. 139, l. 7 below SΠ
2 (B(·, ω),Π) SΠ

2 (B(·, ω), [a, b])

p. 141, l. 2 above
(
B(tj)−B(tj−1)

)2
B(tj)−B(tj−1)

p. 145, l. 12 below Πk+1 ⊂ Πk Πk+1 ⊃ Πk

p. 147, l. 9 above s ≤ tj < tk < t s ≤ tj < tk ≤ t
p. 149, l. 1–7 below Using the elementary estimate∣∣∣∣∣ n∏j=1

aj −
∏n
j=1 bj

∣∣∣∣∣ ≤∑n
j=1 |aj − bj |

for all aj , bj ∈ C, |aj |, |bj | ≤ 1, we find∣∣∣E(eiξ(Xt−Xs) − e− 1
2 ξ

2(t−s)
∣∣∣Fs

)∣∣∣
≤ E

(∣∣∣eiξ(Xt−Xs) − e− 1
2 ξ

2(t−s)
∣∣∣ ∣∣∣Fs

)
= E

(∣∣∣∣ n∏
j=1

eiξ(Xtj−Xtj−1
)

−
n∏
j=1

e−
1
2 ξ

2(tj−tj−1)

∣∣∣∣ ∣∣∣∣ Fs

)
≤

n∑
j=1

E
(∣∣eiξ(Xtj−Xtj−1

) − e− 1
2 ξ

2(tj−tj−1)
∣∣ ∣∣∣Fs

)
.

Using the elementary estimate
|aA− bB| ≤ |a− b| · |A|+ |b| · |A−B|
where
a = E

(
eiξ(Xt−Xtn−1

)
∣∣∣Ftn−1

)
,

A = eiξ(Xtn−1
−Xs),

b = e−
1
2 ξ

2(t−tn−1),
B = e−

1
2 ξ

2(tn−1−s),
yields, because of the tower property,∣∣∣E(eiξ(Xt−Xs) − e− 1

2 ξ
2(t−s)

∣∣∣Fs

)∣∣∣
≤ E

(∣∣∣E{eiξ(Xt−Xtn−1
)

− e− 1
2 ξ

2(t−tn−1)
∣∣∣Ftn−1

}∣∣∣ ∣∣∣ Fs

)
+
∣∣∣E(eiξ(Xtn−1

−Xs)− e− 1
2 ξ

2(tn−1−s)
∣∣∣Fs

)∣∣∣
≤ · · · ≤
≤

n∑
j=1

E
(∣∣∣E{eiξ(Xtj−Xtj−1

)

− e− 1
2 ξ

2(tj−tj−1)
∣∣∣Ftj−1

} ∣∣∣ ∣∣∣ Fs

)
.

p. 151, Problem 6 (b) {|B((k + 1)2−n)−B(k2−n)| > c
√
n 2−n}

{
|B((k + 1)2−n)−B(k2−n)| > c

√
n 2−n

}
p. 151, Problem 6 (b)

⋃2n

k=1Ak,n (twice)
⋃2n−1
k=0 Ak,n (twice)

p. 155, l. 12 above cn ck

p. 156, l. 3 below P
({∣∣B( ik)−B( i−1

k

)∣∣ ≤ 7L
k

})3 ∏j+3
i=j+1P

({∣∣B( ik)−B( i−1
k

)∣∣ ≤ 7L
k

})
p. 160, l. 7 below m(ε, ω) m(δ, ω)

p. 161, l. 5 below nowhere not

p. 161, l. 1 below at no point t ∈ [0, 1) Hölder at some t ∈ [0, 1) not Hölder

p. 162, Problem 2 ≤ n max1≤j≤n |xj | ≤ n1/p max1≤j≤n |xj |
p. 167, l. 9 above for all for (Lebesgue) almost all

p. 172, Problem 2 (A.14) (A.13)

continues on next page
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p. 172, Problem 2 to show that to show that for all x, ξ > 0

p. 172, Problem 4 τ := inf
{
t ≥ 0 : Bt = b

√
a+ t

}
τ := inf

{
t ≥ 0 : |Bt| = b

√
a+ t

}
p. 178, l. 2 below 2

[
ec|B(1)|] 2E

[
ec|B(1)|]

p. 179, l. 2 above F (Πnw) F (w)

p. 179, l. 7 above w′0(t) w0(t)

p. 179, l. 6 below dw(t) dw(s)

p. 181, l. 7 above Bt(U
−1ω) U−1Bt(ω)

p. 182, l. 10 below c ≥ 0 r ≥ 0

p. 182, l. 2 below P(d(εB,Φ(r0)) ≥ δ) P(d(εB,Φ(r)) ≥ δ)
p. 188, l. 7 below = P(γB ∈ F ) ≤ P(γB ∈ F )

p. 189, l. 9 above L(ω) L(ω)

p. 189, l. 11 below c > q−1 c ≥ q−1

p. 189, l. 2 below (s′j(n))j≥1 (s′j(n))n≥1

p. 189, l. 1 below (Zs′
j(n)

(·, ω))j≥1 (Zs′
j(n)

(·, ω))n≥1

p. 191, l. 1 above q > 0 q > 1

p. 191, l. 3 above w(1), w(1)− w( 1
q ),

p. 191, l. 5 above I(v) =
∫
. . . =

∫
. . . ≤

∫
. . . ≤ r < 1

2 I(v) = 1
2

∫
. . . = 1

2

∫
. . . ≤ 1

2

∫
. . . ≤ r < 1

2

p. 191, l. 5 above any q > 1 large q > 1

p. 191, l. 7 above lim lim

p. 191, l. 7 above B(tsn)−B(sn−1)√
2 log log sn

B(tsn)−B(sn−1)√
2sn log log sn

p. 191, l. 9 above
√
r√
q

√
2r√
q

p. 191, l. 15 below |W (tsn)| |B(tsn)|
p. 192, Prob. 4(c), l. 10
below

π φ

p. 195, l. 11 below BτU,W Bτ◦
(U,W )c

p. 195, l. 6 below BτU,W Bτ◦
(U,W )c

p. 197, l. 7 above variance σ variance σ2

p. 200, l. 5 below ≤ s ≤ ≤ s · n ≤
p. 200, l. 6 below Bn(τk) and Bn(τk+1) Bn(τk/n) and Bn(τk+1/n)

p. 200, l. 2 below Bn(τk) and Bn(τk+1) Bn(τk/n) and Bn(τk+1/n)

p. 206, l. 8 below I ∈M2 I ∈M2 with I0 = 0

p. 206, l. 4 below Theorem 14.4 c) Lemma 14.2

p. 206, l. 2 below adding subtracting

p. 207, l. 4 below j = 0, . . . , n j = 0, . . . , n− 1

p. 215, l. 6 below Theorem 14.9 f) Theorem 14.9 c)

p. 221, l. 11 above predictable progressive

p. 224, l. 2 above {τj ≤ t} = {At > jT/n} {τj ≤ t} = {At ≥ jT/n}
p. 224, l. 8 above σ ≤ τ σ ≤ τ ≤ T
p. 224, l. 11 above

∑mbTc
k=1

∑bmTc
k=1

p. 224, l. 11 below {ξ ∈ B} ∩ {σ ≤ (k − 1)/m} ∩ {(k − 1)/m < τ} {ξ ∈ B} ∩ {σ < (k − 1)/m} ∩ {(k − 1)/m ≤ τ}
p. 225, Problem 8 cf. Theorem A.21 — 〈f〉 •Bt cf. Proposition A.22 — 〈f •B〉t
p. 226, Problem 12 (Bsj −Bsj−1

) (Bsj∧t −Bsj−1∧t)

p. 228, l. 5 above
∫ t

0
|f(s, ·)|2 ds > n

∫ t
0
|f(s, ·)|2 ds ≥ n

p. 228, l. 7 above
∫ t

0
|f(s, ·)|2 ds ≤ n

∫ t
0
|f(s, ·)|2 ds < n

p. 230, l. 11 above 1A (twice) 1F (twice)

p. 234, l. 8 below . . . inf
{
t ≥ 0 :

∫ t
0
|σjk(s, ω)|2 ds > n

}
. . . inf

{
t ≥ 0 :

∫ t
0
|σjk(s, ω)|2 ds ≥ n

}
p. 239, l. 3 below XΠ

t =
∫ t

0
σΠ(s) dBs +

∫ t
0
bΠ(s) ds XΠ

t = X0 +
∫ t

0
σΠ(s) dBs +

∫ t
0
bΠ(s) ds

continues on next page
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p. 242, l. 7 above L2(P)-lim|Π|→0 J21 =
∫ t

0
f ′′(Xs)σ(s) ds L2(P)-lim|Π|→0 J21 =

∫ t
0
f ′′(Xs)σ

2(s) ds

p. 244, l. 6 below limn→∞ limε→0

p. 245, l. 1 above (2ε)−1 ε−1

p. 245, l. 3 above
1

2ε

1

ε
p. 245, l. 8 above d-dimensional one-dimensional

p. 246, Problem 3
∫ t

0
f(s,Bs) dBs

∫ t
0
∂f
∂x (s,Bs) dBs

p. 247, Problem 7 u2
x + v2

y = 1 u2
x + u2

y = 1

p. 249, l. 3 above a martingale a local martingale

p. 250, l. 2 below Mτn = exp(Xτn
t ) Mτn = exp(Xτn)

p. 254, (17.8) l. 9 below P(F ) + P(F )−
p. 259, l. 1 below MT = EMT + . . . M = EM + . . .

p. 262, l. 2 below s ≤ T t ≤ T
p. 264, l. 3 above a(τ(s)) = s a(τ(s)) = s for all s ∈ a([0,∞))

p. 265, l. 2 above sup{u > s . . . sup{u ≥ s . . .
p. 267, l. 10 below p

∫ t
0
|Xs|p−1 dXs p

∫ t
0

sgn(Xs)|Xs|p−1 dXs

p. 269, l. 11 below = P(· · · ) ≤ P(· · · )
p. 269, l. 1 below σ > T σ ≥ T
p. 270, (17.18) l. 9 above

∫ T
0
f(s) dBs

∫ t
0
f(s) dBs

p. 271, Problem 10 f ∈ BV[0,∞) f : [0,∞)→ R be absolutely continuous

p. 271, Problem 11 (17.17) (17.18)

p. 276, l. 3 above
∫ t

0
(γ(s) + δ(s)Xs)δ(s)X

◦
s ds (γ(t) + δ(t)Xt)δ(t)X

◦
t dt

p. 284, l. 13 above then (t, x, ω) 7→ Xx
t (ω) then (s, x, ω) 7→ Xx

s (ω), (s, x) ∈ [0, t]×Rn is for
every t ≥ 0

p. 284, l. 3 below σ(sj , X
x
n(sj)) σ(sj−1, X

x
n(sj−1))

p. 287, l. 6 above inf{t ≥ 0 : |Xj
t − ξ| ≥ R} ∧ T inf{t ≥ 0 : |Xj

t | ≥ R} ∧ T
p. 287, l. 1 below for all x, y ∈ Rn for all x ∈ Rn

p. 288, l. 2 below Theorem 18.9 Theorem 18.11

p. 288, l. 1 below E
[
|χR(ξ)ξ|2

]
E
[
(1 + |χR(ξ)ξ|)2

]
p. 290, l. 5 above

(
|x|2 + |y|2

) (
(1 + |x|)2 + (1 + |y|)2

)
p. 290, l. 6 above |x|2 (1 + |x|)2

p. 292, l. 4 above x ∈ Rd x ∈ Rn

p. 296, Problem 4 (e) Ut := e−βtB(e2βt − 1) Ut := σ√
2β
e−βtB(e2βt − 1)

p. 301, l. 7 below xi xj

p. 303, l. 4 below ∂j∂k ∂i∂j

p. 311, l. 10 below Lf(Xr) Lu(Xr)

p. 329, l. 7 above Z = πJ(B) Z = π−1
J (B)

p. 333, l. 11 below from E from Rd

p. 338, l. 9 below t ≤ t0 t ≤ t1
p. 342, l. 12 below infj τj ≤ t+ 1

n infj τj < t+ 1
n

p. 345, l. 5 below which proves (A.17) which proves (A.16)

p. 347, l. 9 above a submartingale a submartingale with continuous paths

p. 349, l. 6 below F ∩ {σj = k/2j} ∈ Fσ+ F ∩ {σj = k/2j} ∈ Fk/2j

p. 349, l. 4 below Ex[E(· · · )] Ex[Ex(· · · )]
p. 350, l. 2 above

∑∞
k=0

∑∞
k=1

p. 350, l. 11 above linear maps continuous linear maps

p. 351, l. 11 above MΠ,t = (M t
tj ,Ftj∧t)tj−1,tj∈Π MΠ,t = (M t

tj ,Ftj∧t)tj∈Π

p. 351, l. 9 below
∑n
k=1

∑n
j=1

continues on next page
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PAGE, LINE READS SHOULD READ

p. 351, l. 1 below M2
T −M2

0 M2
t −M2

0

p. 352, l. 3 above M∧tj−1
Mt∧tj−1

p. 352, l. 8 above 2NΠ,t
T −2NΠ,t

T

p. 352, l. 6 below |Π| ∧ |Π′| |Π| ∨ |Π′|
p. 353, l. 6 below t ∈ [0, t] t ∈ [0, T ]

p. 356, l. 4 above q ∈ [0, T − q] t ∈ [0, T − q]
p. 356, l. 7 above 〈Mτ 〉t ≡ 〈M〉q 〈M〉t∧τ+q ≡ 〈M〉q
p. 356, l. 6 below SΠ

p (f ; t) SΠ
1 (f ; [a, b])

p. 360, l. 3 above VAR1(f ; [a, b]) VAR1(α; [a, b])
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